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Outline

- Vortex shedding in cylinder flow at Re = 100
- The Van der Pol oscillator: a model problem
» One time-scale approach
» Two times-scales approach
» With forcing term
- The Ginzburg-Landau eq.
> Forcing with wy # wg
> Forcing with perturbation of linear operator (wy = 0)
> Forcing with wy close to wg
- The forced Navier-Stokes eq. with cylinder flow
> Forcing with wy close to 0
> Forcing with wy close to wy
> Forcing with wy # wg
- lllustration for forced Navier-Stokes eq. with open-cavity flow
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DNS simulation of
cylinder flow at Re=100

Unforced simulation (Q 1)

1
Bow+ EN(W, w)+Lw=0

How does the system respond to harmonic forcing?

1 S
Batw+zN(w, w) + Lw = Ee'®Sf + cc

Influence of wy, f, E?
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DNS simulation of
cylinder flow at Re=100
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Outline

- Vortex shedding in cylinder flow at Re = 100
- The Van der Pol oscillator: a model problem
» One time-scale approach
» Two times-scales approach
» With forcing term
- The Ginzburg-Landau eq.
> Forcing with ws # wq
> Forcing with perturbation of linear operator (wy = 0)
> Forcing with wy close to w,
- The forced Navier-Stokes eq. with cylinder flow
> Forcing with wy close to 0
> Forcing with wy close to wg
> Forcing with ws # wg
- lllustration for forced Navier-Stokes eq. with open-cavity flow
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The Van der Pol Oscillator:
a model problem

ODE (similar to Navier-Stokes)
W'+ wiw =2 éw’ —w2w', e« 1,6 =0(1)

€s
w(0) =w,w'(0) =0
Fixed point: w = 0
Stability of fixed point: |w| « 1
w" + wiw = 2edw’
Global modes:

w=elw =212 +wi=2e61>1=€5+i /wg—eZSZzeaJ_riwo

Conclusion:

1/ Hopf bifurcation ate = 0

2/ If € K 1, slow time-scale on amplification rate and fast time scale on
frequency
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The Van der Pol Oscillator:
a model problem

For § > 0, at saturation, the instability term 2edw’ is cancelled by the
nonlinear term w?w’ when w? ~ 2€8. We expect that the saturation

amplitude is about Veé.
We look for the solution under the form:
1
w = Eiy

1 1
wy=€2y; = €2y(0)

Hence:
Yy + wiy = 28ey’ — ey'y?
y(0) =y,y'(0) =0
(Q2a)
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The Van der Pol Oscillator:
approximations

ODE:
Y+ wiy = 28ey’ —ey'y?
Solutions under the form:
Yy=Yotey,+ -
One time-scale approach:
(@) =yo(t) + ey (t) + -
Two time-scales approach:

y =yt T =¢€t) + ey, (t,7 = €t) + -
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Outline

- Vortex shedding in cylinder flow at Re = 100
- The Van der Pol oscillator: a model problem
» One time-scale approach
» Two times-scales approach
» With forcing term
- The Ginzburg-Landau eq.
> Forcing with ws # wq
> Forcing with perturbation of linear operator (wy = 0)
> Forcing with wy close to w,
- The forced Navier-Stokes eq. with cylinder flow
> Forcing with wy close to 0
> Forcing with wy close to wg
> Forcing with ws # wg
- lllustration for forced Navier-Stokes eq. with open-cavity flow
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The Van der Pol Oscillator:
one time-scale approach

ODE:
y'" + wiy = 26ey’ — ey'y?

We look for a solution with one time-scale:
y =00 + ey, (¢) + 0o(e)

Then:
y' =yo+e€y; +o(e)
y"' =yo +eyi +o(e)

Initial conditions:
y(0) = yr = ¥4(0) + €y1(0) + 0(e) = y; = y,(0) = y;,y,(0) =0
y'(0) = 0= yy(0) + €y1(0) + 0(e) = 0 = y((0) = 0,y;(0) =0
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The Van der Pol Oscillator:
one time-scale approach

ODE:
vy + wiy = 28ey’ — ey'y?
= yo +eyi + wi (o + ey1) = 28e(yp + €yi) — €(vg + €y1) (Vo + €y1)?
Order €°:
Yo + w§yo =0
Order €!:

yi + wdyr = 28y, — y§¥o
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The Van der Pol Oscillator:
one time-scale approach

Solution of order €°, knowing that the solution is real,
Yo = Ael@ot + c.c. = 2|A|cos(wot + ¢)
Determination of A with initial conditions:

¥0(0) =y; = 2|A|cosp =y,
¥0(0) = 0= —2|A|wysing =0

Vi
¢=04=7
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The Van der Pol Oscillator:
one time-scale approach

We recast this solition into the next order: y;' + wy; = 28y} — y2y4

., , ] ot 1d(A3e3iwot 4 3424%eiwot + c.c.)

v + wgy, = 2iwgdAet?ot +cc. — =
1 3 dt

= 2iwy6Aei®ot 4 cc. — §(3iwoA3e3"“’0f + 3iwgA2A" et + c.c.)

= —iwoA3e3i@ot + jwy(26A — A%A%)el®ot + c.c.
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The Van der Pol Oscillator:
one time-scale approach

Theorem:
y" + w?y = (ae' +c.c.)
If Q # w, then the most general real solution is (with k as any complex constant):
. a )
- t at
y= (ke"" + P et + c.c.)
If O = w, then the most general real solution is (with k as any complex constant):

. 1+ 2iwt\ .
y = <ke“"t —a (—) el®t + c.c.>

4w?
Proof (resonant case only):

. 1+ 2iwt\ .
y=ke —a|———]e“ +cc
4w
"= jwke®t —q 2o el®t —jpa 1+2iot el®t 4y cc
Y= 4w? 4?2 e
. . 1+ 2iwt\ .
y" = —w?ke®t + qel®t +q <—4 et + cc
17 + 2., — iwt
y w°y = ae™" + c.c.
Quiberon 2019 Amplitude equations for control 14
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The Van der Pol Oscillator:
one time-scale approach

Solution under the form:

. iA3 . 1+ 2iwgt\
y1 = ke'®ot + — wqe3®ot — (2i5A — iA2A")w, —20 e@l + ¢,
8w 4wj

Determination of k with initial conditions:

iA3 1
y1(0)=0=>k+ Bz ?0 (2i6A — iA2A") wq (—) +cc=>k-=0

w? 43
/(0) = 0 icon — iA3 o (2i64 — iA%4%) . . _
y1(0) = 0 = ik;iw, Y wo3iwg ——————wo(iwg + 2iwp) + c.c. =0
wy 4wj
A3 (264 — A3)
ki = — w3 +——F—wo
8w 8w§
—34% + 1264
= ki = T
0
Finally:
—343 + 1264 . iA® . 1+ 2iwgt .
— i slwot 3iwgt _ 25A _A3 i plwot C.
32 8wy ie + 8wy e (26 ) ( T, ie +cc
Quiberon 2019 Amplitude equations for control 15
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The Van der Pol Oscillator:
one time-scale approach

Coming back to initial unknown w:
1 1 3
w = €2y = €2y, (t) + €2y, (t)
1 .
= EE(Ae”"f’t + c.c.)
3 (—3A3 +126A . A3 1+ 2iwgt) | .
+ €2 ——————jel@ot 4 — 3@l _ (25A — A3) — 20 ) jeiwot 4 ¢
8(1)0 8(1)0 4(1)0
= (dei®@ot + c.c.)

—343 + 1284 . i3 . e oo (14 2iwgt\
+ (7 jel@ot 4 8—e3lwof — (284 - A3) <74 9 )ielwot + c.c.>

8(1)0 Wo wWo
- wy
A=—
2
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Outline

- Vortex shedding in cylinder flow at Re = 100
- The Van der Pol oscillator: a model problem
» One time-scale approach
» Two times-scales approach
» With forcing term
- The Ginzburg-Landau eq.
> Forcing with ws # wq
> Forcing with perturbation of linear operator (wy = 0)
> Forcing with wy close to w,
- The forced Navier-Stokes eq. with cylinder flow
> Forcing with wy close to 0
> Forcing with wy close to wg
> Forcing with ws # wg
- lllustration for forced Navier-Stokes eq. with open-cavity flow
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The Van der Pol Oscillator:
two time-scales approach

PDE:
y" + wiy = 28ey’ — ey'y?

We look for a solution with two time-scales:
y =yt T =¢€t) + ey, (t, T = €t) + o(€)

Then:

d d d
yf_Le(Lﬂ)H@

oot at = ot
" aZyO azyl 62)/0
=% T\ Gz t 2509 ) T OO
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The Van der Pol Oscillator:
two time-scales approach

vy + wiy = 28ey’ — ey'y?

L 92 K
Yo | <2 Yo | y1>+w§(yo+ey1)

at? otdt =~ ot?
= 266(%4‘ E<%+%>) - E<%+ E(%-l—%)) (o + €y1)?
Order €°: ,
% +wiy, =0
Order €': , ,
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The Van der Pol Oscillator:
two time-scales approach

Solution at order €°, knowing that the solution is real,
Yo = A(r)e'@ot + c.c.

We recast this solution into the next order:

0%y,
2 + w(ZJY1

19(A3e3iwot + 3424 @0t + c.c.)

= 2iwybAet®ot + cc. — = —2iw ﬂei“’!" + c.c
0 3 Odr

Jat

. 1 . . dA .
= 2iwg8Aet @t + c.c. — 5(3iw0A363“"0t + 3iwgA2A%elwot + c.c.) — 2iw, Ee“"ot +cc.

. i . dA\ .
= —iwyA3e3 @t + jw, | 26A — A2A* — ZE el@ot 4 c.c.
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The Van der Pol Oscillator:
two time-scales approach

Theorem:
y" + w?y = (ae' +c.c.)
If QO # w, then the most general real solution is (with k as any complex constant):
. a .
— iwt 4914
y = (ke +w2—QZe +c.c.)
If O = w, then the most general real solution is (with k as any complex constant):

ot 1+ 2Ziwt) . .
y=\|ke' —a|———]e' " +cc

4w?

Proof (resonant case):
Keiot 1+ 2iwt iwt |
= ke —a|—————e c.c
Y 4w?

. it 2iw\ . 14 2iwt) . .
y' =iwke'® —a To? et —iwa v et +c.c.

14+ 2iwt
4

y'" + w?y = ae'®t + cc
Amplitude equations for control 21

y'" = —w?ke®t + gel®t + a< ) elot + cc.
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The Van der Pol Oscillator:
two time-scales approach

For the solution to be valid uniformly in time, we kill the secular term:

dA =0A IAZA*
dr ~ 2
Final first order solution:

w(t) = 6%(Aeiwot + c.c) — (A'eiwot + c.c)

with:
dA 5i- Ll
at 2
= 1
A(0) = —
0) ==
(Q2c)
Quiberon 2019 Amplitude equations for control 22
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Outline

Vortex shedding in cylinder flow at Re = 100
The Van der Pol oscillator: a model problem
» One time-scale approach
» Two times-scales approach
» With forcing term
The Ginzburg-Landau eq.

> Forcing with wr # wq
> Forcing with perturbation of linear operator (wy = 0)

> Forcing with wy close to w,
The forced Navier-Stokes eq. with cylinder flow

> Forcing with wy close to 0

> Forcing with wy close to wg

> Forcing with wr # wq
Illustration for forced Navier-Stokes eq. with open-cavity flow
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The Van der Pol Oscillator
with forcing term

PDE:
w4+ wiw = 2§:W’—W2W’+
€s 4

é?: coswst, € < 1,6 = 0(1)
1
2E

We look for the solution under the form:
1
w(t) = ezy(t)

Hence:
y" + wiy = 28ey’ — ey'y* + E cos wst
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The Van der Pol oscillator
with forcing term

PDE:
y" + why = 26ey’ — ey'y? + E cos wyt
Expansion:
Or:er " y = yo(t,7) + ey1(£,7) + 0(€)
a;;;o + wdyo = E coswpt = yo = A(T)e!?ot + cc. + Z%ﬁ cos wyt
Order € !
aazél + iy, = 28% —%aa—ig = 2% = iwye'@ot (26/1 — A|A|? — 24n? — z‘;—f> 45 ooc

y§ = (Aei®ot + Areiwot  pelert 4 ne‘i“’ft)z(Aeiwot + AreTiwot 4 pel@rt 4 pe~iwrt)
— (AZeZiwot + A*2e 200t 4 2o2l05t 4 2 o=2I0ft L 9142 4 22 4 ZAnei(m0+a)f)t
. . g 2 . .
+ ZA*ne_L(woﬂuf)t + ZAr]el(wo_wf)t + ZA*ne—l(wo—wf)t) (Aem)ot + A*e—iwot
+ne'rt + ne~@rt) = (3A|AI% + 6n2A)ei®@ot + ... wy # (%wo_wo, 3w0>

The Van der Pol oscillator
with forcing term

Kill resonant term to remove secular terms:

dA—SA 1A|A|2 ! ! 2EZA
dr 2 4\ w2 — w?

0 — Wr
Final solution:

1 . E ~ E
w(t) = €2 <Ae“*’0t +cc.+—5——cos a)ft) = 2|A| cos(wot + ) +—F—— cos wrt
1) Wi —w

Wo — Wf f
with:
dA_ o 1 1< 1 )2 .
dt 2" T4\ —w?
Or:
_ - 2
dA —|5 1 E 7 1:&3
dt w - (u]% 2
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Outline

- Vortex shedding in cylinder flow at Re = 100
- The Van der Pol oscillator: a model problem
» One time-scale approach
» Two times-scales approach
» With forcing term
- The Ginzburg-Landau eq.
> Forcing with wy # wq
> Forcing with perturbation of linear operator (wy = 0)
> Forcing with wy close to w,
- The forced Navier-Stokes eq. with cylinder flow
> Forcing with wy close to 0
> Forcing with wy close to wg
> Forcing with ws # wg
- lllustration for forced Navier-Stokes eq. with open-cavity flow
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The Ginzburg-Landau eq.
Forcing with ws # w

The forced non-linear Ginzburg-Landau equations read:
ow + Lw + wlw|? = f(x,t)
L=Udy = u(x) = y0yy, pu(x) = iwg + po — yx* x*

U )(2 x2

and f(x, t) is a forcing. The least-damped global mode is W(x) = Zeﬁx_ 2 with eigenvalue

2
A =iwgy + po — 4 Where p, = Z—y + yx2. The corresponding adjoint global mode is
v g2

W(x) =&e 2 2 .Theyare normalized such that: (W, W) = (W, w) = 1.

We choose 1 in the vicinity of u, such that:

i Ho = pic + 6,
Where § = e with0 < e < 1,6 = 0(1).

Hence, the full perturbed operator £ reads:
L=Ud; — (iwg+ pc +€6 —yx*x?) —ydyy = L. — €6
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The Ginzburg-Landau eq.
Forcing with wy # wg

We choose a forcing such that:
flx,t) = Ef(x)etert
~ 1
where E = e2E, E = 0(1) is the forcing amplitude (positive real). The forcing frequency wy is
such that wy # wy.

The solution is sought under the form:

N

What is the equation governing y?

We postulate that:
Y=yt 1) + ey (t,7) + -
where T = €t is a slow time-scale.
What is the equation governing y,? What is the equation governing y;?

Quiberon 2019

Amplitude equations for control 29
denis.sipp@onera.fr

The Ginzburg-Landau eq.

Forcing with ws # wq

w + Lw +wlw|? = f(x,t)
= 0py + (Lo — €0)y + eylyl® = Ef (x)e'r*

Then:
0y = 0¢yo + €(9¢y1 + 0:Y0)
Throwing everything inside:
0cyo + €(0ry1 + 0cyo) + -+ Lo + €y1 + )
= €6yo + = eyolyol® + Ef (x)e'®r*

Order 1:
deyo + Leyo = Ef (x)e'ert
Ordere:
0;y1 + 0y + Leyr = 8Yo — Yolyol?
Quiberon 2019
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The Ginzburg-Landau eq.

Forcing with wy # wg

Show that y,(t,7) = A(T)e!®oW, + Ee'“f'®,, is an acceptable solution for y,, with @, a

spatial structure to be defined depending on f(x) and wy.

Show that the solution y; (¢, T) is bounded only if:
O (8 — nlEI)A - pAlAP?
dr — i K
A=1
u= (WCIWC|WC|2)

= 2<wc,wc|wp|2>
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The Ginzburg-Landau eq.

Forcing with ws # wq

Order 1: '
0cyo + Leyo = Ef (x)e'ert

1/ Homogeneous solution: A(7)e‘“otWw, since
iweW, + LW, =0
2/ Particular solution: Ee'®'®, with
lwpWy + LWy, = f(x)
3/ General solution:
yo = A@)el“oti, + Ee'“rtw,
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The Ginzburg-Landau eq.

Forcing with wy # wq

Ordere:
0:yr + Ly

= —Ee”"otwc + 5Ae@otp, — A|A|2e'otw, |, |? — 2A|Elze“"°twc|wp|

Yolyol? = (Ae'®otiv, + Ee'“r'®y, ) (Aei“otiv, + Ee'“r'W,)(A%e™@otwy + E*e™'“r'y,)

= AlA|2e' ot W |W,|? + 2A|E|2ei“otiv, |w,|” + -

Kill resonant terms:

dA TR 2
== = 54 = AlAP e Bl @c %) = 24151 (7, ey )

Quiberon 2019
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Theorem: Let w be the solution of the following equation

0w + Lw = el@tf
1/ If iw does not belong to the eigenvalues of the Jacobian, then the most general
real solution to this equation is

_ Ajt ity
W—Zk]-e Wy + ey,

With the particular solution determined from:
lwwy, + L, = f
And the homogeneous one from the global modes:
2/ If (iw, W) corresponds to one of the eigenvalues of the Jacobian:
iow+Lw =0
Then, the most general real solution is
w(t) = Z kiehitw; + et < W, f >t + Z Meiwfwj
l(l)—lj
wjiw
Where #; (including W) is the bi-orthogonal basis corresponding to Wy, (including W)
< vT/j,vT/k > = 6jk
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Proof: particular solution with method of variation of constant

w(t) = a(t)el®tw + Z aje'tw;
w,-:tcu
Inserting this solution in governing equation:
‘;—(iw +alion +L0)+ ) aion;+L@) = f
cujiw
da _ . .
i + aj(Lw—/lj)wj =f

wj¢a)

Scalar product with W and Ww; # Ww:

da -
—=<w,f>

dt N
{w;. f)
I:(L)—/lj

a]-=

Quiberon 2019
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The Ginzburg-Landau eq.

Forcing with wy # wg

Show that the leading—order solution of the flowfield may be given by:
w(x, t) = A(D)e' o'W, (x) + Ee'“r'®, (x)
where:

~ 1
Hint: note that A = €2A(7)
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Discussion

Amplitude equation:

dA 12\ - 2
== (26 — n|E|") 4 - uA|4|
Polar coordinates:
A=rei?
Inserting this expression into the amplitude equation:
dr . dop . - - . .
ae“i’ + rid—(fe“i’ = ((Ar +i2;)6 — (my + im;) |E|2) rel® — (u, + ip)riel®

Hence, removing e'? and taking the real and imaginary parts:

d < ~2 2
—(n7) = 2,8 - o |E|" = ur

dp o 2,
Ezlis—ﬂilEl — Wir
Quiberon 2019 Amplitude equations for control 37
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Discussion with
|A| = 0()and E =0

Amplitude equations:

d 2
E(lnr) =10 — U r
do <
a ll6 - HLT'Z

Fixed point for r if y,, > 0:

d A Square root of 6 |
a(lnr) =0=>r= |—¢6

Hr
i imi A0 _ (4§
Frequency shift on limit-cycle: " (AL Wi ur) )

. Ar\
. - < Y PRTEL AT
Solution on limit-cycle: w = wy + 2—T6 [el(m°+( ' ”‘ﬂr) )tyA + c.c] + -
T

Actual frequency on limit-cycle: w = wg + 4;6 —1 %5
Linear -

Non—linear interaction
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Discussion with
|A| &KlandE >0

Amplitude equation:

The solution is:

[}LTS—TL'TlE|Z+i(a)o+lig—n’ilflz)]t

w=w0+Aoe Y4+ cC.C

The eigenvalue is:
2.8 = m,|E|* +i (wo + 4,8 — mi|E])
Amplification rate:

If - > 0, linearly stable if:

A& —m B <0 B>

Quiberon 2019
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Outline

- Vortex shedding in cylinder flow at Re = 100
- The Van der Pol oscillator: a model problem
» One time-scale approach
» Two times-scales approach
» With forcing term
- The Ginzburg-Landau eq.
> Forcing with wy # wg
> Forcing with perturbation of linear operator (wy = 0)
> Forcing with wy close to wg
- The forced Navier-Stokes eq. with cylinder flow
> Forcing with wy close to 0
> Forcing with wy close to wy
> Forcing with wy # wg
- lllustration for forced Navier-Stokes eq. with open-cavity flow
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The Ginzburg-Landau eq.
Forcing with perturbation of linear operator

The forced non-linear Ginzburg-Landau equations read:
oew+ Lw +wlw|? =0
L=Udx — pu(x) = y0xx, p(x) = iwg + po — yx* x?

U x2x?

and f(x, t) is a forcing. The least-damped global mode is w(x) = {e?¥ 2  with eigenvalue

2
A =iwg + pg — YUc Where . = Z—y + yx?2. The corresponding adjoint global mode is
_EX_XZ"Z
W(x) =€&e 2 2 .They are normalized such that: (W, w) = (W, w) = 1.

We choose p in the vicinity of . such that:

~ Ho = Hc + S'
Where § = e with0 < e « 1,6 = 0(1).

We consider that the operator £ may be perturbed by an arbitrary perturbation operator (which

will be defined later):
AL = EAL = €EAL.
Hence, the full perturbed operator £ reads:
Ud, — (iwg + pe + €6 —yx*x?) — y0yy + €EEAL = L, — €5 + €EAL

b 019
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The Ginzburg-Landau eq.

Forcing with perturbation of linear operator

The solution is sought under the form:

What is the equation governing y?

We postulate that:
y =yo(t, ) + ey, (t,T) + -
where T = €t is a slow time-scale.
What is the equation governing y,? What is the equation governing y;?

Quiberon 2019
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The Ginzburg-Landau eq.

Forcing with perturbation of linear operator

dew + Lw +wlw|? =0
= 0,y + (L, — €5 + eEAL)y + eyly|> =0

Then:
0ry = 0yo + €(0¢y1 + 0:Y0)
Throwing everything inside:
0:yo + €(0ey1 + 0:y0) + -+ Lc(yo + €Yy + ) = €8yg — €EALY, + -+ — €yo|yo |

Order 1:
0:yo+Lcyo =0
Ordere:
0¢y1 + 0:yo + Leyr = 8y — EALY, — yolyol?
Quiberon 2019

Amplitude equations for control 43

denis.sipp@onera.fr

The Ginzburg-Landau eq.

Forcing with perturbation of linear operator

Show that yo(t,7) = A(7)e!“otib, is an acceptable solution for y,.

Show that the solution y, (¢, 7) is bounded only if:

dA
= _ 2
a7 (A6 + TE)A — uAlA|
A=1
= (W, W |w,|?)
7 = —(W., ALW,)
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The Ginzburg-Landau eq.

Forcing with perturbation of linear operator

Order 1:
0tyo+ Lcyo =10

1/ Homogeneous solution: A(7)e!®ot@w, since

iwoWe + LW = 0
2/ General solution:

Yo = A(D)e' o',

The Ginzburg-Landau eq.

Forcing with perturbation of linear operator

Ordere:

;) L __d_A iwoty SA iwot — AE iwotAL" _A|A|2 iwotr |A |2
tv1+ Loy, = dre w, + 0Ae w, e We e W [W,

yOlY0|2 = A|A|Zeiw0th|W¢:|2 +

Kill resonant terms:

dA
= = 6A = AE(We, ALW,) — AL, Wl W |2)

23



The Ginzburg-Landau eq.

Forcing with perturbation of linear operator

Show that the leading—order solution of the flowfield may be given by:
w(x, t) = A(t)ei®otim, (x)
where:
dA v s
= = (8 +7E)A - A’
T = —(W,, ALW,)

. 1
Hint: note that A = €2A(7)

For |/T| &« 1: The solution is:

w =Wy
New eigenvalue is iwy + A6 + nE
Stabilization of flow for (if 7, > 0):

+Aoe[iw0+lﬁ+né]tyA +cc

Frequency shift:
AiS + T[l'E

b 2019
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Open-loop control
4] « 1

Open-loop control (4 « 1) that modifies the stability characteristics of the flow:
Lo =U0y — pic(x) — Y0y

Where:
pe(x) = iwg + pe —yx*x?
If:
pe(x): = pc(x) + Ec?u(x)
Then:
Lo=L,—Eéu(x) =L, +EAL
So that:

AL = —6u

Where should §u(x) be located to achieve maximal stabilization?
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Open-loop control
4] « 1

The new eigenvalue is:
iwy + A8 + nE

+o0
7 =~ ALW,) = — f e

Su should be located where W, (x)W,(x) is strong => overlap region of W, (x) and W, (x)

Quiberon 2019
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Closed-loop control
4] « 1

Closed-loop control (4| « 1) that modifies the stability characteristics of the flow:
Lo=L,+EANMw =L, + ES(x — x )w(xs)

=> we actuate at x = x, with a control law u = Ew(x,), ie proportionally to a measure of

the state at x;.

Where should x, be located to achieve optimal stabilization with minimal control amplitude

u?
Where should x, be located to achieve minimal gain E?
What is the asymptotic value of u when the system is stabilized?

Quiberon 2019
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Discussion with AL # 0 (closed-loop)
4] « 1

The new eigenvalue is:
iwy + A8 + E

T = _<Wc; ALWg) SE J-+oowc(x)5(x - xa)wc(xs)dx = _Wc(xa) Wc(xc)

Actuator should be located at maximal amplitude of adjoint.
Sensor should be located at maximal amplitude of direct mode.

Quiberon 2019
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Outline

- Vortex shedding in cylinder flow at Re = 100
- The Van der Pol oscillator: a model problem
» One time-scale approach
» Two times-scales approach
» With forcing term
- The Ginzburg-Landau eq.
> Forcing with wy # wg
> Forcing with perturbation of linear operator (wy = 0)
> Forcing with wy close to wg
- The forced Navier-Stokes eq. with cylinder flow
> Forcing with wy close to 0
> Forcing with wy close to wy
> Forcing with wy # wg
- lllustration for forced Navier-Stokes eq. with open-cavity flow
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The Ginzburg-Landau eq.

Forcing with wy = wq
The forcing frequency wy is chosen in the vicinity of the natural frequency wg of the flow:
wr = wo + 0
where Q = €Q, e K 1,Q = 0(1).
The forcing amplitude is:

N 3
E=¢e2E,E=0(1)
The solution is sought under the form:

w = €2y
What is the equation governing y?
We look for a solution under the form:
y=yo(t, 1) + ey (t,7) + -

where T = €t is a slow time-scale.
What is the equation governing y,? What is the equation governing y;?
Show that y,(t, 7) = A(1)e!®oti,(x) is an acceptable solution for y,.
Show that the solution y; (¢, T) is bounded only if:

dA .

- = ASA — pAlA|? + nEe'®
A=1,p0 =< We, W We|? >, = We(xy)

Amplitude equations for control 53
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The Ginzburg-Landau eq.

Forcing with wy = wq

0y + Loy = €6y — eylyl? + eES(x — xp)el@otel"

0ry = 0¢yo + €(0ey1 + 0:Y0)
Throwing everything inside:
0cyo + €(9y1 + 0:yo) + Lo (Vo + €y1) = €8Yo — €Yolyol® + €ES(x — x;)e!®otel

Order 1:
0tyo + Lcyo =0
Yo = A(r)e' ot
Order €:
0y1 + 0:yo + Leyi = 8o — Yolyol® + E5(X = Xf)eiwoteim

Quiberon 2019
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The Ginzburg-Landau eq.

Forcing with wy = wq

dA | . . ) .
Oy + Loy, = —Ee“ﬂofwc + 8Ae'@otip, — A|A|2e ™ot |W,|? + ES(x — xp)el@woteldT
Compatibility condition:

d4a . . . . .
< W, —Ee”"otwc + 8Ae'@otp, — A|A|2e' ot W, |, |2 + ES(x — xp)e!@otel? > =0

dA .
< WC’_E‘I’ + 8AW, — AlAI*W W, |? + ES(x — x¢)el ¥ > =0

aa SN 2 1 |2 ior _ o
—E<WC,WC>+6A<WC,WC>—A|A| < We, Wl Wel? > +Ee' < W, 8(x —x7) >=0
dA .
el 8A —< W, W |W.|? > AlAI? + W,(x;)Eel®
Quiberon 2019
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The Ginzburg-Landau eq.

Forcing with wy = wg

Show that the leading-order solution of the flowfield may be given by:
w(x, t) = C(t)e'rtw, (x)
where:

dc ~ o x . .

= = (=i +28)C - uC|C|* +nE
~ < 1 :

Hint: note that C verifies € = e2A(t)e "

Numerical simulations of the equation governing C’ show that there exists a threshold
amplitude Epgck, such that: If E > Ejgck, then € = Cpock as t = o, where Cpock is
a complex constant. What is the frequency of the flowfield in this case? Can you
comment this result in terms of open-loop control? How should the forcing location x¢
be chosen to minimize the threshold amplitude B ocx?
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The Ginzburg-Landau eq.

Forcing with wy = wq

dC 1/ _ 1dA o 1/ .. E o
i ez —iQ +ZE Ae ¥e =2 (—LQ + A6 — ulA|* + nzel T) Ae Hie
~ < - E . -
= (—iQ + 16 — /1|C|2 + Eﬂfelﬂf) c
B ég_feiﬂ‘r
dac ~ < < =12 ~
5 = "HC+a8C - uC|C|" +nE
w = C(t)e'“rtw,
Locking!
Quiberon 2019
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The Ginzburg-Landau eq.

Forcing with wy = wg
Show that the leading-order solution of the flowfield may be given by:

w(x, t) = D(t)W.(x)
where:

dD TP
— = (iwo +28)D - uD|D|* + mEeirt

~ ~ 1 :
Hint: note that D verifies D = €2A(7)e'@ot
What is the transfer function of the flow?

Where is the optimal place to locate the actuator?
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The Ginzburg-Landau eq.

Forcing with wy = wq

dD 1/ dA\ . 1/ E ., .
— =e2|iwg + e=— | Ae'@ot = 2(1w0+/16—u|A|2+7tZe‘ T)Ae“”ot
T

< ~ 18 . ~
= (l(l)o + A0 —[«llDl2 + ETL'l—elQT>D

_ De Ze—iwot
D 55 P s
of = iwoD +48D uD|D|” + nEe
w = D(t) W,
For § < 0 (stable flow):
D = Deiost
b ,
E i(wy — wg) — A8+ u|5|2
m = We(xr)

Maximal effect if x¢ is close to maximum of adjoint. Response at

Quiberon 2019
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59

Outline

- Vortex shedding in cylinder flow at Re = 100
- The Van der Pol oscillator: a model problem
» One time-scale approach
» Two times-scales approach
» With forcing term
- The Ginzburg-Landau eq.
> Forcing with wy # wg
> Forcing with perturbation of linear operator (wy = 0)
> Forcing with wy close to wg
- The forced Navier-Stokes eq. with cylinder flow
> Forcing with wy close to 0
> Forcing with wy close to wy
> Forcing with wy # wg
- lllustration for forced Navier-Stokes eq. with open-cavity flow
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The forced Navier-Stokes equations

Forced Navier-Stokes equations with viscosity v = v, — §:

1 ~ -
Batw+i]\f(w, w) +Lw = SMw + Ef

o= ()= 2wt - (o P 0

p 0 0 0
—v:AQ VO -A 0
Lz(—v-() 0)’M=(o o)
Scalings:
5 =es, §=0(1)
w=wg + e'/2y, €K1,
E=¢E, E=0(1)
Base-flow:

1
EN(W(),WO ) + LWO =0
Perturbation dynamics:

1 11 1
Boy+Ny,y + Ly = €26Mwgy + edMy — 3 e2N(y,y) + e2Ef

Quiberon 2019
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The forced Navier-Stokes equations

Expansion:
y =yo(t, T = €t) + el/zyl/z(t,‘r =et) + ey, (t,T = €t) + -

In particular:
Oty = 0yo + fl/zat}ﬁ/z + €(0ry1 + 0zyo) + -

Quiberon 2019
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The forced Navier-Stokes equations

B(at}’o + El/zat}’l/z + €(0ry1 + 0:yo) + -+ ) +(Nw, + L) + 51/23’1/2 +elyy)
1 11 1
= e26Mwy + e6Myy — 562N(y0,y0) - EN(yO,yl/z) + e2Ef
=
BOrYotNw,Yo + Lyo =0

1
BOry1 /2t Ny Y12 + Ly12 = SMwg — EN(YO:yO) +Ef
B0y +Nyw,y1 + Ly; = —Boryy + 6Myo — N (o)

Quiberon 2019
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Order €°

PDE:

Bo:yo+Nyw,Yo + LYo =0
We choose:

yo = (A(D)ei?oty, + c.c)
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1
Order €2
PDE:
1
BOty1/2tNwo Y172 + Ly12 = SMwg — EN(}’O.YO)
1 )
= §Mwy + <—EA292“"°tN(yA,yA) + c.c.> — |APN (ya, ¥4) + Ef
We choose:
Y12 = Swg + (A2e2190ty,, + c.c.) + |A1*Yas + Eyi
We have:
NweYs  +Lys = Mwy
. 1
2iwoBYyaa + NwYaa + Lyaa = _EN(YA'YA)
NwoYai + Lyaz = —NYa, Ja)
NwoYe + LYE =f
Quiberon 2019
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65

Order €l

PDE:
Byy1+Nyy,y1 + Ly1 = —=Boryo + 6Mys — N (¥0,¥1/2)

. dA
= glwol [_EByA + SAMy, — SAN (4, v5) — AlAIPN (Ya, Yaz)

- AlAlzN(}_/AJyAA) - AEN(yA,yE) + c.c+ .-

Quiberon 2019
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Order €l

We kill the resonant terms to remove secular terms:
dA 5
4 < Va, Bya>+< Ja, Mys — N (ya, ys) > 6A

< Ju N, ya2) + NGa, yan) > AlAI> =< 54, N (ya, ) > AE =0
Where the adjoint global mode is:
—l‘(l)oByA + NWOyA + LyA =0
And has been scaled following:

<JaBy,>=1

Hence:

dA = A6A A|A|? AE

dr # r
With:

A =<Fy, My, >—< 37A»]\C(3’A:J’6)
L=<Ja, N4, Ya2) + N4, Yaa) >
T =< yA'N(yA'yE) >
Quiberon 2019
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The forced Navier-Stokes equations

Final solution:

1 1
w = €2 ((A(T)ei‘“ﬂtyA +c.c) + €2(6ws + (A%e?i@oty, , + c.c.) + |AI2yaz + Eve) + )
Or:
w = (dei®oty, + c.c) + Sws + (A%e?@oty,, + cc) + |A|2yAg + Eyg -

With:

dA - I .

—f = A4 - pA|A|" = nEA

7 = (V4 Ny, Vi)

Other expression for m:

m = (Vo + £)7 5,5 f)
Proof:

NwoVe + Ly = f = yp = (N, + L)_lf

™= (9 2,78 = (00,50 76) = (5,50 (Mo, + £)7'F) = (0T, + £)7 5,5, 1)
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Discussion: |[A| = 0(1) and E = 0

A _ 264 — uilal’
dt - H | |
wo = 0.74
A=9.1+3.3i0
1 =9.1—3087i

Solution on limit-cycle:

w=wg+ ,%S [ei(w°+(l"_#i%>s>tyA + C.C] 4o
T

Actual frequency on limit-cycle:

< Ar <
w=wy+ 1;0 —ui—0o
Li%ar _v‘ui/ .
B _Non-linear interaction
= 0.74 + 3.3 + 30.874 (huge impact of nonlinearity)

Quiberon 2019
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N Exp
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Discussion: |/T| KlandE =

With:

Final solution:
w= A’Oe(iw0+16—m§")tyA +cc

New eigenvalue:
iwg + A8 — nE

Quiberon 2019
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0(1)

71

Discussion: |A| &K1landE =

Amplification rate:
A8 —m E
If . > 0, flow is stable if
M —mE<0mF>§
Ty
We have:

7 = (R[5, + £)7 W3] 1)
Optimal choice for f:
f =Ry +£) 7 55,5]

Frequency:
Wo + AIS - TI.'L'E
—_ =1~ _
T = <3 [(%, + £) 7' 5,7a] f>
Optimal choice for f to modify frequency :
o~ N[ ATl o
=3[, +£) 75,7

Quibe 2019 .
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The forced Navier-Stokes equations

Optimal choice for stabilization:
— =1 — _
R[(Vo, +£) 5,74

73

Results for cylinder flow

Modelling of small control cylinder (pure drag):
f=-uo

Resulting amplification rate:
A6 —m =26+ <£R (%, +£)7' 5,54 ,u0> E

13/09/2019
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Results for cylinder flow

Experimental results
(Strykowski et al. 1990)

75

[
T

Theoretical results

E is chosen according to the
drag coefficient of a cylinder
at small Reynolds

76

Experimental results
Strykowski et al. 1990
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Outline

- Vortex shedding in cylinder flow at Re = 100
- The Van der Pol oscillator: a model problem
» One time-scale approach
» Two times-scales approach
» With forcing term
- The Ginzburg-Landau eq.
> Forcing with ws # wq
> Forcing with perturbation of linear operator (wy = 0)
> Forcing with wy close to w,
- The forced Navier-Stokes eq. with cylinder flow
> Forcing with wy close to 0
> Forcing with wy close to wg
> Forcing with ws # wg
- lllustration for forced Navier-Stokes eq. with open-cavity flow
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The forced Navier-Stokes equations

Forced Navier-Stokes equations with viscosity v = v, — §:

1 ~ JO
Batw+§N(w, w) + Lw = EMw + (Ee'®r'f + c.c)

W= <1L;),B _ (1 0),N(W1,W2) _ (u1 Vuy +u, - Vul)
p

00 0
= D)=

Scalings for w; = w, + (:

0 = €6, §=0(1)
w = wg + €1/2y, €K1,
_ 3
E=eE E=0(1)
Q=eq, Q=001)
Base-flow:
1
EN(W(),WO ) + LWO =0
Perturbation dynamics:
1 11 . .
B y+Ny,y + Ly = €26Mw, + €6My — EEEN(}/, y) + e(Eeiwotei€@tf 4 cc)
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The forced Navier-Stokes equations

Expansion:
y =yo(t, T = €t) + €2y, 5 (t, 7 = €t) + €'y (¢, T = et) + -

In particular:
0ty = 0ty + El/zatlﬁ/z + €(0cy1 + 0:yo) + -+

Quiberon 2019
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The forced Navier-Stokes equations

B(0ryo + El/zat)ﬁ/z + €(0ry1 + 0:yo) + -+ )+(Nw0 + Lo + 51/23/1/2 +€'yr)
1 11
= €26Mwy + e6My, — EEZN(yO,yO) —eN(¥0,¥1/2)
+ e(Eei@otei®f 4 cc)
=
BoYot+Nw,Yo + Lyo =0

1
BOry1 2+ NuwoY1/2 + Ly12 = SMwy — EN(J’o'yo)
BOy1+Myyy1 + Ly = =Bdryo + 6Myo = N (yo,y1) + (Eelwotel®f + c.c)

2
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Order €°

PDE:

BOYo+Nw,Yo + Lyo =0
We choose:

Vo = (A(T)ei“’otyA + c.c)

Quiberon 2019
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81

1

Order €2

PDE:
1
BOY1/2+NuwoY1/2 + LY1/2 = 6Mwy — EN(}’or}’o)
1 .
= SMwy + <—5A2e21“0tN(yA,yA) + C.C.> — APN (Y4, ¥a)
We choose:
Y12 = 6w + (A%e2iwoty,, + c.c.) + |AIPyaz

We have:

Nw0y5 +Ly6 = MWO

1
2iwoByan + NMyoYaa + Lyaa = _EN(YA;YA)
NwgYai + LYz = =N (Va, Va)

Quiberon 2019
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Order €l

PDE:
BOy1+Nw Y1 + Ly = —=Barye + My, — N(}’odﬁ/z)

. dA
= el®@ot [_EBVA + 8AMy, — SAN (Y4, ¥s) — AlAIPN (Va, Yaz)

— AlAPN (B4, Va4) + Ee T f| + cot -

Quiberon 2019
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Order €l

We kill the resonant terms to remove secular terms:

dA
4 < Ja BYa>+< Ja4, Mys — N (ya, ¥5) > A

—<Iu N aYaz) + N Ga yaa) > AlAI2 +< 34, f > Ee " =0

Where the adjoint global mode is:

—iwoBIa + Ny Ja + LFa =0

And has been scaled following:

Hence:

With:

< yArByA> =1
dA .
== ASA — pA|A|? + nEe’®
A =<Fa, Mys >=<Ja, N (ya,¥s)
1 =<3 Nyaya) + N (Fa, yaa) >
T =< yA,f >
Quiberon 2013 Amplitude equations for control
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The forced Navier-Stokes equations

Final solution:

1 1
w= ez ((A(T)e“"ﬁtyA +cc) + €2(ws + (A%e?i@oty, 4 + cc.) + |AIPyaz) + )

Or:
w = (de'@oty, + c.c) + Sws + (A%e?@oty,, + cc.) + |A|2yAg +
With:
dd .. .. .
i A6A - uA|A|2 + mEett

- It corresponds to an exact solution of the non-linear Navier-Stokes Eq.
- But no guarantee that it can be observed (stability? Unique-ness?)
- Valid near bifurcation threshold: |5| <1

(Q4)
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Outline

- Vortex shedding in cylinder flow at Re = 100
- The Van der Pol oscillator: a model problem
» One time-scale approach
» Two times-scales approach
» With forcing term
- The Ginzburg-Landau eq.
> Forcing with wy # wg
> Forcing with perturbation of linear operator (wy = 0)
> Forcing with wy close to wg
- The forced Navier-Stokes eq. with cylinder flow
> Forcing with w¢ close to 0
> Forcing with wy close to w,
> Forcing with wy # wq
- lllustration for forced Navier-Stokes eq. with open-cavity flow

Quiberon 2019

, Amplitude equations for control 86
denis.sipp@onera.fr

43



The forced Navier-Stokes equations

Forced Navier-Stokes equations with viscosity v = v, — §:

1 - .
Batw+51\r(w, w) + Lw = EMw + (Ee'®r'f + cc)

= ()= 2t (o P g 0

) 0 0 0
—v.AQ VO -
Lz(—;-() o)’]"[z(oA 8)

Scalings for wy # wy:

§=e5, 6=00)
w = wy + €1/2y, €K1,
_ 1
E

= e2E, E=0(1)
Base-flow:

1
EN(W(),WO ) + LWO =0
Perturbation dynamics:

1 11 .
BOy+Nyy,y + Ly = €26Mwg + e6My — EGEN(y, y) + (Ee'rtf + cc)

The forced Navier-Stokes equations

Expansion:
y =yo(t, T = €t) + el/zyl/z(t,r =et) + ey, (t,T = €t) + -

In particular:
0ty = 0y + 61/26t)’1/2 + €(0ry1 + 0zyo) + -
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44



The forced Navier-Stokes equations

B(atYO + 61/26»:3’1/2 + €(0ry1 + 07yo) + "')+(Nw0 + L)(yo + 61/2}’1/2 +€'yy)
1 11 .
= €26 Mwqy + €My, — EEZN(yO,yo) = EN(yo,yl/Z) + (Ee'®r'f + cc)
=
B3 Yo+Nyw,Yo + Lyo = (Ee'®rf + c.c)
1
BOy1 2+ NwoY1/2 + LY1/2 = 6Mw, _EN(YO;YO)
BOyy  +Nwo Y1 + Ly = —=B0yo + My, — N(Vod’l/z)

Quiberon 2019
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Order €°

PDE:
B yo+Nw,Yo + Lyo = (Ee'®rf + c.c)
We choose: .
yo = (A(@el?oty, + c.c) + (Ee'“rtyg + c.c)
Hence: ) .
Ae'@ot (iwgBy, + Ny, ya + Lya) + Eert(iwsByg + Ny Ve + Lyg) + c.c. = Ee™®rtf + cc

0
which leads to:

iwgByg + Ny, Vg + Lyg = f

This linear problem can be solved because wy is not an eigenvalue of the Jacobian.
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1
Order €z

PDE:
1
BOry1/2+tNwoY1/2 + Ly1j2 = EMwg — EN(}’O,}’O)
1 )
= §Mwy + (—EAZeZ”‘J"tN(yA.yA) + C-C-> —|AIPN (Y4, 7a) — |EI* NV (yg, Vi)
1 2 2iwgt i(wotwy)t
+ _EE e“'Ur* N (yg, yg) + cc. | + (—AEe 0FCIIEN (ya, VE) + C.C.)
+ (—AEei(“’O_‘“f)t]\f(yA,j/E) + c.c.)
We choose: ‘
Y12 = 6ws + (A%e?@oty,, + c.c.) + |42y + (E?e*“rtygp + c.c.) + ||y
+ (AEei(‘“O“"f)tyAE + c.c.) + (AEei(‘“O_‘“f)tyAg + c.c.)
Quiberon 2019
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1
Order €z

We have:
NweVs — +Lys = Mwy
1
2iwoBYyaa + NwyYaa + Lyaa = _EN(yA:yA)
NwoYai + LYaz = =N (Va, ¥a)

2iwfBygg + Ny, Yee + LYeE = _%N(}/EJ’E)
NwoYEeg + Lyeg = —N Vg, Vi)
Zi(("o + ("f)BJ’AE + NuwoYar +Lyag = =N W, Vi)
2i(wo — wr)Byag + Ny,Yar + Lyag = —N a, V&)

Quiberon 2019
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Order €l

PDE:
BOy1+Nw,y1 + Ly = —B0ryo + My, — N(}’o:)ﬁ/z)

. dA
= e‘“"’t I:_EB:VA P 6AMyA - 6AN(}’A.}’5) —AlAlZN(yA‘yAA)
— AlAIPN (B4, yaa) — AIEI*N (y4, yg8) — AIEI*N (Y5, Yag )
_AEPN G, m)] PR,

Quiberon 2019
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Order €l

We kill the resonant terms to remove secular terms:

dA
4 < Ja, BYa>+< Ja, Mys — N (ya, ¥s) > 6A

—< T4 N yaz) + NGa, yaa) > AlAI* -
< Ja N Wa ves) + N e yag ) + N e, yag) > AlE[* =0

Where the adjoint global mode is:

—iwoBFa + Ny Ja + LFa =0

And has been scaled following:

<JaBys>=1

Hence:

dA
— = 164 - 2 _ nA|E|?
e A6A — pA|A|? — A|E|

With:

A =<~}7AtM.VA >—< }7Ar]‘C(YA:Y6)
U=<F0, N Yaz) + N Ta,Yaa) >
T =<4, NWa, yg5) + N W5 Yap ) + N Vg, Yag) >

Quiberon 2019
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The forced Navier-Stokes equations

Final solution:

1 . .
w=¢€2 ((A(T)e“"ﬁtyA +cc) + (Ee'rtyg + c.o)
1 . .
+ €2 <6W5 + (A%e%@oty, , +cc) + A2y + (B2 ypp + c.c) + |E|2yes

+ (AEei(“’U“”f)tyAE + c.c.) + (AEei(“’U_“’f)tyAg + c.c.)) + >
Or:
w = (Aeloty, + c.c) + (Ee'“rtyg + c.c) + Sws + (A2e?@oty,, + cc.) + |A|2yAg
+ (E?e*rtypp + cc.) + |E|2yEg + (/Tb:ei(‘““‘“f)tyAE + C.C.)
+ (Alfei("’o_“’f)tyAg + c.c.) + -
With:

A8 = 364 - pdlAf" ~ ma|E) (Q4)

- It corresponds to an exact solution of the non-linear Navier-Stokes Eq.
- But no guarantee that it can be observed (stability? Unique-ness?)
- Valid near bifurcation threshold: |5| <1

uiberon
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Outline

- Vortex shedding in cylinder flow at Re = 100
- The Van der Pol oscillator: a model problem
» One time-scale approach
» Two times-scales approach
» With forcing term
- The Ginzburg-Landau eq.
> Forcing with wy # wg
> Forcing with perturbation of linear operator (wy = 0)
> Forcing with wy close to wg
- The forced Navier-Stokes eq. with cylinder flow
> Forcing with wy close to 0
> Forcing with wy close to wy
> Forcing with wy # wg
- lllustration for forced Navier-Stokes eq. with open-cavity flow
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Configuration

Open cavity flow: 2D laminar transitional regime

o

Rec ReDNS
i = * Re
5396 6250
Base-flow
Order €°: base-flow w,
Re = 5396

Streamwise velocity
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Linear dynamics

05

Re = 5396,w, = 7.0 il S
05 | | 3 |
362 366 yA
0.5
v 2 EX 2] 05 0 05 1 15 2 25
) %o v Re = 6250 . .
. oo, / Streamwise velocity
".°o /
1.0+ =20, °
l.oo
* 20, 0s
o -1.5 = % "
« %0 .
LS Re = 5396
- %, M.
0 "% 1] =
" %o,
" %
54 «=% o 05 E = ~
= %% o5 |
"0 %, 721 833 Ya
-3.04 LN
° s |
e L ! 9 2 15 1 05 [} 05 1 15 2 25
5 10 15

Amplitude equation

Supercritical Hopf bifurcation:

di .. . 2
5 = 04— pA|A|
woy=7.0
A = 4689 + 4702i
p = 3940 — 142

Actual frequency on limit-cycle:
(1):(1)0+ ALS —,Lllj;_rg

s N————
Linear Non—linear interaction

= 7.0 + 47024 + 1684 (small impact of nonlinearity)
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Amplitude equation with control
Steady forcing w; = 0 (small control cylinder)

Control cylinder: f = —uq

Induced variation of amplification rate: <5R [(]\TWO + ﬁ)_l]\'@'AiA] ,u0>

0.5
r— 60
4]
81
0 — S
>
05
A L
-0.5 0 05 1

Amplitude equation with control
Non-resonant forcing wy + {0,wy/2, Wy, }

0.2
o
02F
>.04F
06}
s
Kl 1
o 05 1 15 2
Re = 6250 X
- - 015 Contral OFF
E _ E Contral ON
— LSTAB = B3
=
T,0.05]
e
LR
5
#0054
>
-0.1
0154
, ’ ‘ ] ] ’ ’
85 a0 95 1IE|E| 109 110 1149
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Non-resonant forcing ws # {0, @ /2, wg, -

Amplitude equation with control

=10’

}

10°

—
e
w

Fourier transf. of v(z = 0.75,y = 0,
S

Control OFF
Control ON

10% 10 20 30
W
Amplitude equation with control
Resonant forcing s ~ w
E=0
0.15-] 184
-18.2
0.1
-8
E’“OST'HHM’I w\ W“W"“l I'“”'W H»;’“H UW H”“l‘“'”" W 7
: | I - -
; 0—7” (It ‘ i“! ‘ ‘\ “‘H m ‘ ‘U } i
‘1\“‘ ‘ ‘ ‘ “1 ““HIA w — 793
L \‘ ERAATHEAANN NL '
»o.os-ln .lllmHnluH HHMI ﬂimll Ilull. HJnH.lluH I ‘! ulhhllull.lh‘r =
o] (l)f = 7.00
‘ 1(110 1;0 ¢ 1;10 ‘ 1flso o
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Amplitude equation with control
Resonant forcing ws = wy

E= 2ELocking

i

Mi

WI'
i

W HHM’ i

i p I

|

M }
Ml‘m’h m MJ/ I

8.4
8.2
-18
—7.8
i<}
-17.6
-17.4

.
I

=7.23

ws =7.00
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